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Analytic approach
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Metric approach
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 Area-Method Axioms
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Characterization of geometric predicates
 Geometric predicate Characterization
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 Continuity Axiomordered Pythagorean field5
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 Intuitionist logic 8
 Assuming : ∀A,B : Points, A = B ∨ A 6= BWe prove : excluded middle for all otherpredicates,
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Euclid 5th postulate
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History
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A long history of incorrect proofs . . .
 In 1763, Klugel 9 provides a list of 30 failed attempts at proving theparallel postulate.
 Examples:Ptolemee uses implicitly Playfair’s postulate (uniqueness of theparallel).Proclus uses implicitly ”Given two parallel lines, if a line intersectone of them it intersects the other”.Legendre published several incorrect proofs in its best-seller“Elements de geometrie”.
 9G. S. Klugel (1763). “Conatuum praecipuorum theoriam parallelarumdemonstrandi recensio”. PhD thesis. Schultz, Gottingen
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Mistakes
 Circular arguments
 Implicit assumptionsUnjustified assumptionsFuzzy or varying definitions
 I parallelogram ABCD := AB ‖ CD ∧ AD ‖ BCI parallelogram2 ABCD := AB ‖ CD ∧ AB ≡ CD ∧Convex ABCD
 Warning !(parallelogram2 ABCD⇔ parallelogram2 BCDA)⇔Euclid5
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Bachmann’s Lotschnittaxiom
 If p ⊥ q, q ⊥ r and r ⊥ s then p and s meet.
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Four groups
 Archimedes’axiom
 Aristotle’saxiom
 Greenberg’saxiom
 Decidability ofintersection of
 lines
 Bachmann’sLotschnittaxiom
 Trianglepostulate
 Playfair’spostulate
 Tarski’sparallel
 postulate
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Sorting 34 postulates
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Outline
 1 Overview of GeoCoq
 2 Arithmetization of Geometry
 3 A mechanized study about the parallel postulates
 4 Towards a formalization of the Elements
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The Elements
 A very influential mathematicalbook (more than 1000editions).First known example of anaxiomatic approach.
 Book 2, Prop V, Papyrusd’Oxyrhynchus (year 100)
 EuclidJulien Narboux (Unistra) GeoCoq Belgrade 37 / 44
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Our project
 Joint work with Charly Gries and Gabriel BraunMechanizing proofs of Euclid’s statementsNot Euclid’s proofs!Trying to minimize the assumptions:
 I Parallel postulateI Elementary continuityI Archimedes’ axiom
 Julien Narboux (Unistra) GeoCoq Belgrade 38 / 44
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Example
 Proposition (Book I, Prop 1)Let A and B be two points, build anequilateral triangle on the base AB.
 Proof: Let C1 and C2 the circles ofcenter A and B and radius AB.Take C at the intersection of C1 andC2. The distance AB is congruentto AC, and AB is congruent to BC.Hence, ABC is an equilateraltriangle.
 A B
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 Julien Narboux (Unistra) GeoCoq Belgrade 39 / 44

Page 58
						

Book I, Prop 1
 We prove two statements:1 Assuming no continuity, but the parallel postulate.2 Assuming circle/circle continuity, but not the parallel postulate.
 Pambuccian has shown that these assumptions are minimal.
 Section Book_1_prop_1_euclidean.Context ‘{TE:Tarski_2D_euclidean}.
 Lemma prop_1_euclidean :forall A B,exists C, Cong A B A C /\ Cong A B B C.
 Proof. ... Qed.
 End Book_1_prop_1_euclidean.
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Section Book_1_prop_1_circle_circle.Context ‘{TE:Tarski_2D}.
 Lemma prop_1_circle_circle :circle_circle_bis ->forall A B,exists C, Cong A B A C /\ Cong A B B C.
 Proof.intros.unfold circle_circle_bis in H.destruct (H A B B A A B) as [C [HC1 HC2]];Circle.exists C.unfold OnCircle in *.split;Cong.Qed.
 End Book_1_prop_1_circle_circle.
 Julien Narboux (Unistra) GeoCoq Belgrade 41 / 44
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Work in progress: current status
 Book I Prop 1-34, 37, 46-47Book II
 Book III Prop 2-6,9-14 18
 Julien Narboux (Unistra) GeoCoq Belgrade 42 / 44
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Synthetic vs Algebraic Approaches
 ClaimMixing the synthetic and algebraic approaches is useful:
 Synthetic approach for neutral geometry.Grobner basis for unordered Euclidean geometry.Proving existential by hand.
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